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In a previous communication the author made use of a “parity” 
argument as one step in an argument establishing the crossing number 
of Km . It has come to his attention that there are those who find the 
parity argument unconvincing. It in fact appears that the argument as 
actually presented in the paper in question is subject to an interpretation 
under which the conclusion does not follow. 
It is the purpose of this note to provide a clearer and more convincing 
statement of the argument that hopefully does justify the conclusion. 
The result has meanwhile been verified, independently by explicit enumer- 
ation for K3,3 and by reduction of all other cases to K3,3 by Harborth [3]. 
The result in question is that any “good drawing” in the plane of the 
complete bipartite graph on two odd vertex sets have the same number 
of edge crossings mod 2. A “good drawing” is one that possesses no 
edges that pass through vertices, no edges that intersect one another more 
than once (this restriction is irrelevant for the conclusion), and no 
two edges crossing that have an endpoint in common. The argument 
below, which is essentially what the original argument was meant to be, 
actually proves the following somewhat stronger result: Define a “good 
crossing” to be a crossing of two arcs all of whose endpoints are distinct. 
THEOREM. Let D and D’ be two planar drawings of the complete 
bipartite graph K2j+1,2k+l (or of the complete graph Kzj+,) with the same 
vertices, each with afinite number of crossings. Ifno vertex in either drawing 
lies on any edge joining two others, the number of good crossings of D and D’ 
are equal mod 2; (points of tangency do not count as crossings). 
Proof. First consider the bipartite case. Continuously deform the 
arcs of D into those of D’ one at a time. An arc (a, b) can, through defor- 
mation, change the parity of its intersection with (c, d) only if it passes 
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right through either c or d. In either case, the parity of an odd number of 
edge crossings-((a, b) with every edge emanating from the vertex-are 
changed when (a, b) passes through the vertex. But exactly one of these 
represents a nongood crossing with (a, b) so that the parity of the number 
of good crossings will not change even when an arc passes through a vertex. 
Thus that parity can never change, which completes the proof. Similar 
results obviously hold for K2,,+l ; the parity of an even number of crossings 
is changed; two of these are not good crossings. 
The result was one of a number of steps used in proving a lower bound 
to the crossing number of K5,n and KBen in [l]. This step was inspired by 
a talk given by W. Tutte in New Haven in 1967. Tutte has in fact published 
an argument yielding the same result for Kss3 and K5 . (See [2, Proof of 
Theorem 5.11). There are those whose deep suspicion of arguments 
requiring continuous deformation of arcs render the “proof” above less 
than convincing. Tutte’s proof actually applies to the general case and is 
paraphrased below. 
Second proof. We assume that no arc intersects itself. We transform 
one drawing into the other by interchanging one arc at a time from what 
it is in the first drawing to what it is in the second. We show that the parity 
of the number of good crossings can change at no such interchange. 
At each interchange, the two drawings of the arc form a circuit in the 
plane. Some of the remaining vertices may lie “inside,” and some 
“outside” of the circuit (where outside means accessible from infinity 
by a line that intersects the circuit an even number of times).l A line whose 
endpoints are both “inside” or “outside” intersect this circuit an even 
number of times. It is easy to see that for K2j+1,2L+1 or Kzj+, , there are 
an even number of arcs that connect vertices inside to those outside, 
each of which must cross the circuit an odd number of times (for Kzj+, 
for example there must be an even number of vertices either inside or 
outside). The number of crossings with the two arcs in the circuit must 
therefore be even, so that the parity of the number of crossings is 
unchanged by interchanging them. 
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1 A crossing at a point of intersection of the two arcs in the circuit is counted as IWO 
intersections with the circuit. 
